Crash Data Modeling with a Generalized Estimator
Zhirui Ye*
Professor, Ph.D.
Jiangsu Key Laboratory of Urban ITS
Jiangsu Province Collaborative Innovation Center of Modern Urban Traffic
Technologies
Southeast University
2 Sipailou, Nanjing, Jiangsu 210096, China
Yueru Xu
Ph.D. Candidate
Jiangsu Key Laboratory of Urban ITS
Jiangsu Province Collaborative Innovation Center of Modern Urban Traffic
Technologies
Southeast University
2 Sipailou, Nanjing, Jiangsu 210096, China
Dominique Lord
Professor, Ph.D.
Zachry Department of Civil Engineering
Texas A&M University, 3136 TAMU
College Station, TX 77843-3136

Paper submitted for publication.

April 24th, 2018

Ye, Xu, and Lord

ABSTRACT
The investigation of relationships between traffic crashes and relevant factors is
important in traffic safety management. Various methods have been developed for
modeling crash data. In real world scenarios, crash data often display the
characteristics of over-dispersion. However, on occasions, some crash datasets have
exhibited under-dispersion, especially in cases where the data are conditioned upon
the mean. The commonly used models (such as the Poisson and the NB regression
models) have associated limitations to cope with various degrees of dispersion. In
light of this, a generalized event count (GEC) model, which can be generally used to
handle over-, equi-, and under-dispersed data, is proposed in this study.
This model was first applied to case studies using data from Toronto,
characterized by over-dispersion, and then to crash data from railway-highway
crossings in Korea, characterized with under-dispersion. The results from the GEC
model were compared with those from the Negative binomial and the hyper-Poisson
models. The cases studies show that the proposed model provides good performance
for crash data characterized with over- and under-dispersion. Moreover, the proposed
model simplifies the modeling process and the prediction of crash data.
Key words: crash data analysis; generalized event count model; under-dispersed data.
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INTRODUCTION
More than one million people are killed in traffic crashes every year around the world
(WHO, 2013). Traffic crashes result in enormous losses to society and the economy.
Several researchers have been seeking methods for better understanding contributing
factors that influence or are associated with crashes and develop effective strategies to
improve road safety.
The relationships between traffic crashes and relative factors have been
investigated for more than three decades (Lord and Mannering, 2010). Various kinds
of methodologies have been proposed over the years to improve on predicting the
likelihood of crashes and determine the variables or factors that significantly influence
the number of crashes and their severities.
It has been shown that crash data usually exhibit over-dispersion. Initially, the
negative binomial (NB) regression model was proposed to handle such datasets
(Miaou, 1994; Poch and Mannering, 1996). The NB model is derived by rewriting the
EXP βX ε in which EXP(ε ) is a gamma-distributed
Poisson parameter as λ
error term with mean 1 and variance α. Given important limitations associated with
the NB model, highway safety researchers have proposed new and innovative models,
such as the random-effects (Hausman et al., 1984; Shankar et al., 1998) and its
extension to random parameters models (Anastasopoulos and Mannering, 2009),
bi-variate/multivariate models (Maher, 1990; Ma and Kockelman, 2006; Park and
Lord, 2007; Barua et al., 2016), multiparameter models (Geedipally et al., 2012;
Vangala et al., 2014), generalized additive models (Xie and Zhang, 2008), and
semi-parametric models based on the Dirichlet process (Heydari et al., 2016b; Shirazi
et al., 2016). These models can handle characteristics commonly found in crash data,
such as excess zero responses and datasets with long tails among others. Readers are
referred to Lord and Mannering (2010), Mannering and Bhat (2014), and Heydari et al.
(2016a), who have provided a comprehensive review of existing methods with their
advantages and disadvantages.
In addition to over-dispersion, some researchers have also encountered
under-dispersion (Oh et al., 2006; Daniels et al., 2010; Lord et al., 2010). Although
the models described above are able to capture or handle over-dispersion or
unobserved heterogeneity, they cannot be used efficiently when the data are
characterized by under-dispersion, either in the dataset itself or when the observations
are conditioned upon the mean (Lord et al., 2010). To handle under-dispersion, Oh et
al. (2006) first proposed the gamma model to analyze crash data exhibiting this
unique characteristic. Although the gamma model can handle under-dispersion, the
model suffers from an important drawback since past observations are assumed to
directly influence future observations (e.g., a crash that occurred in one year is
directly correlated to a crash that will occur the following or a future year) (Lord et al.,
2010). Subsequently, Lord et al. (2007, 2010, 2015) have proposed the
Conway-Maxwell-Poisson (COM-Poisson) generalized linear model for analyzing
crash data. Recently, Huang (2017) proposed a re-parametrization of the
COM-Poisson model, where the mean of the counts is modeled directly rather than
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using the mode as an approximation of the mean value. The COM-Poisson model can
handle both under- and over-dispersion, similar to the gamma model, but without the
key limitation of the latter, although it may provide erroneous estimates for very small
sample size and low sample mean values (Lord et al., 2010). Along the same line, Zou
et al. (2013) examined the applicability of double Poisson (DP) generalized linear
model for analyzing crash data and compared its performance with the COM-Poisson
model. Khazraee et al. (2014) applied the hyper-Poisson (hP) generalized linear model
to analyze under-dispersed crash data. It should be pointed out that the COM-Poisson
and hP models both allow the dispersion of the distribution to be observation-specific
and dependent on model covariates and both the DP and hP models offered similar
statistical performance than those associated with the COM-Poisson. The differences
were seen with the complexity for estimating the coefficients of the models.
The research documented in this paper therefore continues the work performed
on the development of tools that would allow the analysis of both over- and underdispersion. More specifically, the main goal is to apply the generalized event count
(GEC) model developed by King (1989) for crash analysis and prediction. Similar to
the COM-Poisson, DP and hP models introduced above, this model also handles over-,
under- and equi-dispersion and has been shown to provide good statistical
performances in other fields, such as the evaluation of congressional challenges of
presidential votes and superpower conflicts (King, 1989). So far, this model has not
been applied for analyzing crash data. Overall, the GEC model is easy to implement
since the coefficients can be estimated using maximum likelihood estimation (MLE)
and can handle over-, under- and equi-dispersion with good performance. The next
section presents the GEC model for crash data analysis. Subsequently, case studies are
presented; they were used to evaluate the performance of the proposed method by
comparing the model with existing models, such as NB regression model or HP model.
Finally, the findings and conclusions are summarized.

METHODOLOGY
This section first briefly introduces the Poisson model as background. It is followed
by a more detailed description of the GEC model.
The Poisson Regression Model
The Poisson regression model is the basic model for analyzing count data. It aims at
modeling a count (or crash) variable Y, which is assumed to follow a Poisson
distribution with a parameter (or mean) λ (Lord and Mannering, 2010; Myers et al.,
2012). The Poisson distribution usually implies that the probability of an event
occurring at any instant is constant and independent of all previous events during the
observation period (King, 1988). In highway safety, the probability that the number of
crashes takes the value yi on the ith entity can be expressed as Equation 1.
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In the Poisson regression model, the mean can be written as λ
EXP βX ,
where X is a vector of k explanatory variables and β is a 1×k parameter vector
that indicates the effect of the explanatory variables on the dependent variable. To
estimate β, the method of maximum likelihood can be used. The likelihood function
is presented in Equation 2.
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For a Poisson regression model, the variance of Yi is equal to its expected value:
V (Yi) = E (Yi) = λ . In practice, this model is not used frequently in safety research
since the main assumption between the mean and variance is violated. This model is
presented here since its characteristics are expanded in the next section.
The Generalized Event Count Model
In most cases, road crash data display the characteristic of over-dispersion and, on
rare occasions, could exhibit under-dispersion. Considering all possible situations, the
relationship between mean and variance is defined by V (Yi) = λ σ for λ
0 and
0. σ is called the dispersion parameter. If the crash variable follows a Poisson
σ
distribution, then σ
1 and V (Yi) =E (Yi) = λ ； if σ
1 , the data are
over-dispersed; and if 0 σ
1, the data are regarded as under-dispersed. With the
introduction of the parameter σ , the GEC model is developed and is able to model
event counts with unknown degrees of dispersion. To construct this model, a GEC
probability distribution with parameters λ and σ is established. In this model, σ
can take on any value greater than zero. Special cases occur when the dispersion
1, the GEC distribution can
parameter falls into different ranges. When 0 σ
1, the model has the same probability
handle under-dispersed data. When σ
function as the Poisson regression model; and when σ
1, it’s probability function
is similar to the NB regression model. This GEC’s probability distribution offers
smooth transitions between these scenarios. To derive the GEC’s probability
distribution, a concept taken from theoretical statistics called “bilinear recurrence
relationship” was introduced (Katz, 1965). The relationship is shown in Equation 3.
| ,
| ,

for y =0,1,2,…and θ

γy

0

(3)

where θ and γ are ancillary parameters. In this case, Equation 3 should be
re-parameterized in order to make the relationship suitable for the previous
definitions.
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Statistical analysis reveals that the expected value E (Yi) and variance V (Yi) of a
random variable Yi that adheres to the relationship in Equation 3 are as follows (Lee,
1986):
E Y

λ

V Y

(4)
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Solving the above two equations, we then get:
γ

1

, θ

(6)

Then Equation 3 becomes:
（

| ,

In Equation 7, f

）

1| ,

(7)

represents the GEC distribution. The expected value and

variance of the distribution is consistent with the previous definitions: E (Yi) =λ and
V (Yi) =λ .
At this point, Equation 7 is still in the form of a recurrence relationship, so it
should be transformed into more traditional probability distributions. To achieve this,
1|λ ,
must be recursively substituted by
and
. To better
the term
2 (King,
explain this process, Equation 8 shows a simple example where given
1989)
2| ,

2| ,
λ

(8)
1
2

1

1|λ ,
0|λ ,

In the example, the above equation still contains f 0|λ , σ , so further analysis
is required before the distribution density function can be assigned numerical values.
By adapting Equation 8 to a general situation, the GEC probability density function
becomes (King, 1989):
| ,

0| ,

∏

(9)
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In theoretical statistics, ∑
=1 is one of the basic axioms of
m|λ ,
probability, which means that the probability of all situations in period i is 1. Thus, we
can solve the problem by using this axiom:
0| ,

∑

1

∏

(10)

Then, using standard results on the convergence of infinite series leads to the
final expression for the probability function f 0|λ , σ (King, 1989)
1
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Since the function is continuous in both
and , the piecewise function can
be regarded as a whole and substituted into Equation 9.
Finally, the full probability distribution can be written by combining all the
above equations, as shown in Equation 12. The probability distribution is continuous
in
.
,

2
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For the estimation of the GEC’s probability distribution, a more general
maximum likelihood estimator should be derived. The log-likelihood can be
summarized as the following equation (King, 1989):
,
(13)
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where
1
1
1

1
0

1

The likelihood function is simultaneously maximized with respect to
and .
The virtue of this approach is that one do not need to choose among the three sets of
assumptions about the process generating the counts ahead of time. Contagion,
heterogeneity and other processes will produce an event count with a particular type
of dispersion.
This model produces estimates of β and σ in a single step simultaneously
without specifying if the crash data are over-, under- or equi-dispersed. Since no
additional parameters are introduced in the GEC distribution, this model actually
reduced the chance for inconsistency with no need for additional assumptions. With
the GEC model, the safety analysist does not need to take into account the choice of
statistical models, since the value of
is estimated rather than assumed.
As we all know, highway crashes are complicated events that involve complex
interactions between human, vehicle, roadway condition, and traffic-related factors. It
usually not possible to have access to all of the data that could potentially determine
the likelihood of a crash. In this context, these unavailable factors can lead to
unobserved heterogeneity, which may cause biased estimates and inconsistent
predictions. This problem can be minimized by various statistical approaches, such as
using random parameters, latent-class models or latent-class models with random
parameters within each class (Mannering et al., 2016) and multiparameter models
with and without random parameters (Lord and Geedipally, 2018; Shaon et al., 2018).
Some of these statistical approaches could eventually be incorporated with the GEC
model to help minimize the unobserved heterogeneity in future research.

CASE STUDIES
To verify and evaluate the performance of the GEC model, three datasets with varying
degrees of dispersion were used for crash modeling. The most commonly used NB
regression model and an hP model were also applied to the datasets for comparison
purposes.
Data Collection
Data collected in Toronto and Korea were used in this study. The Toronto crash
data was collected from 868 four-legged signalized intersections in Toronto and the
Korea dataset contains crash data collected at 162 rail-highway crossings (RHXs) in
Korea.
The statistics of the datasets are summarized in Table 1. As will be shown in the
following data modeling, the Toronto data set was found to be of good quality by
several research studies (Lord, 2000; Miaou and Lord, 2003) and are characterized by
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over-dispersion. Although the raw Korea dataset show signs of slight over-dispersion
or even equi-dispersion (mean=0.33, variance=0.36), several previous research
studies--Oh et al., 2006; Lord et al., 2010; Khazraee et al., 2015--have noted that
under-dispersion was observed when conditioned upon the mean). These datasets
provide the opportunity to comprehensively evaluate the performance of the GEC
method.
Table 1 Statistics of Variables for Selected Datasets
Route.

Variables

Max.

Min.

Mean

SD

Frequency

Toronto
Data

Major approach AADT (veh./day)
Minor approach AADT (veh./day)
Crashes (crash/year)

72178
42644
54

5469
53
0

28044.81
11010.18
11.56

10660.39
8599.40
10.02

868
868
868

Highway ADT (veh./day)

61200

10

4617

10391.57

162

Average daily railway traffic

203

32

70.29

37.34

162

Train detector distance

1329

0

824.5

328.38

162

Time duration btw activation of
warning signals and gates

232

0

25.46

25.71

162

1(yes)

-

-

-

149(91.98%)

0(no)

-

-

-

13(8.02%)

1(yes)

-

-

-

134(82.72%)

0(no)

-

-

-

28(17.28%)

1(yes)

-

-

-

113(69.75%)

0(no)

-

-

-

49(30.25%)

1(yes)

-

-

-

126(77.78%)

0(no)

-

-

-

36(22.22%)

3

0

0.33

0.60

162

Presence of commercial area
Korean
Data

Presence of a speed hump
Presence of a track circuit
controller
Presence of a guide
Crashes (crash/year)

In order to evaluate the models, standard errors and the P-value of t-test were
chosen as measures of effectiveness (MOEs). The standard error represents the
standard deviation of the sampling distribution of a statistic. The t-test is used to
evaluate if the associated explanatory variables have a significant influence on the
dependent variables. In addition, the AIC and MPB are also used to assess goodness
of fit of the developed models.
Toronto Data Analysis
The GEC model was first applied to the Toronto dataset. Since the Toronto crash data
were shown to be over-dispersed, the hP and Negative Binomial models were also
estimated for the purpose of the comparison analysis. The results of these models
were estimated in R using maximum likelihood method (R Core Team, 2013). The
values in parentheses represent the standard error of the estimate values. Table 2
shows the modeling results for these three different models.
Table 2 Modeling Results for the NB, HP and GEC model
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Estimate.
Ln(

)

AICa
MPBb
MADc
MSPEd

Negative Binomial
Model

Hyper-Poisson Model

Generalized Event
Count Model

-10.25(0.4626)
0.6207(0.04652)
0.6853(0.02152)
0.1398(0.0122)
5077.3
-0.045
4.142
32.70

-10.22(0.4464)
0.6076(0.0462)
0.6981(0.02205)
25.7492
5157.3
0.033
4.142
32.62

-10.24(0.4601)
0.6172(0.0464)
0.6897(0.02173)
1.60
5089.4
-0.041
4.142
32.66

a Akaike information criterion.
b Mean prediction bias.
c Mean absolute deviance.
d Mean squared predictive error.
– = not applicable.
As Table 2 shows, the parameter δ in the GEC model is 1.60, which is larger than 1.
It indicates that the Toronto data and modeling results are over-dispersed. The results
are consistent with the conclusion of previous research studies that used the same
dataset.
The MPB, MAD and MSPE of the models considered for the Toronto data are
relatively similar. The MAD and MSPE measures of fit vary only slightly between
these three models. This is mainly attributed to the similar estimates of relevant
parameters. Since the MPB, MAD and MSPE are only dependent on the mean
function and not on the dispersion parameter. The similar coefficients can result in
similar values for these measures of fit.
On the other hand, the AIC measure depends on the model likelihood function.
Therefore, it is influenced by the dispersion parameter, which is presents for these
three kinds of models. The models with similar mean function parameters may have
significantly different AICs.
From Table 2, we can find that the AIC of the hP model is a little higher than
other two models. The AIC of GEC model is 5091.4, which is very close to the value
of NB model. Therefore, we can conclude that the GEC model and NB model could
fit the over-dispersed data from Toronto a little better than the hP model. As a rule of
thumb, when the change in AIC is less than 5, the difference is usually deemed to be
insignificant (Spiegelhalter et al., 2002). In addition, the AIC of hP model is 5157.3 in
this case. This value is larger than that of the GEC model. Therefore, the performance
of GEC model can be regarded as well as the NB model and better than the hP model.
Korean Data Analysis
In this section, the Korea RHXs data was used to evaluate the performance of
GEC model on data with under-dispersion. The NB model was previously applied to
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this dataset and it was shown to be inappropriate. Therefore, the GEC model in this
section was compared to the gamma and hP models, which were found to be
successful in handling under-dispersion (note: the gamma model was only included
since it was used in the original study by Oh et al., 2006). Table 3 shows the results
for the three models. All of the three models were estimated using the MLE method.
Table 3 Modeling Results for the Gamma, HP and GEC model
Variables

Gamma Model

Hyper-Poisson
Model

Generalized Event
Count Model

Constant
Ln(ADT)
Average daily railway traffic
Presence of commercial area
Train detector distance
Time duration between the activation
of warning signals and gates
Presence of a track circuit controller
Presence of a guide
Presence of a speed hump
Shape parameter
Dispersion parameter

-3.438(1.008)
0.230(0.076)
0.004(0.0024)
0.651(0.287)
0.001(0.0004)

-5.513(0.756)
0.472(0.057)
0.965(0.370)
0.0017(0.0006)

-5.782(0.942)
0.451(0.071)
1.084(0.393)
0.0019(0.0007)

0.004(0.002)

-

-

-1.58(0.859)
2.062(0.758)
211.38
0.179
0.459
0.308

-0.924(0.303)
-0.665(0.294)
-1.080(0.441)
0.298(0.189)
209.54
0.004
0.357
0.246

-1.036(0.403)
-0.796(0.477)
-1.147(0.519)
0.351(0.301)
210.05
-0.09
0.351
0.239

AIC
MPB
MAD
MSPE

– = not applicable.
The Poisson, gamma probability, and hP models for the Korea data were
originally developed using 31 candidate explanatory variables by previous researchers
(Oh et al., 2006; Lord et al., 2010). According to the results, eight of the variables
were found significant in at least one model. Therefore, the eight variables were
applied as the explanatory variables used in the GEC model. The explanation of these
eight variables were listed in Table 3.
From Table 3, we can find that the dispersion parameter of hP model is 0.298
and δ of the GEC model is 0.351, which both indicates that the Korea data are
under-dispersed (when conditioned upon the mean). In addition, the significant
variables of hP model are the same as the GEC model, but not the same as for the
gamma model. The difference between some of the significant variables in one model
and not in the other is probably due to the fact that the main assumption of the gamma
model affected the estimation of the coefficients.
Similar to the Toronto data application, the MPB, MAD and MSPE were used to
compare the performance of the three models. The MPB is very close to 0, which
means the model neither over-predicts nor under-predicts crashes. The MPB and
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MSPE are as low as hP model, and a little better than those of the gamma model.
Therefore, the GEC model performs as well as hP model. By comparing the AIC
values, we can also conclude that the GEC model performs as well as the hP model
(we have already ruled out the gamma model).

CONCLUSIONS
The investigation of relationships between traffic crashes and relative factors is
important in traffic safety management. Various methods have been developed for the
modeling of crash data. In real world cases, crash data usually display the
characteristics of over-dispersion, but on rare occasions, can display under- dispersion.
The commonly used models (such as the Poisson and the NB regression models) have
associated limitations to account for various degrees of dispersion. In light of this, a
GEC model developed by Gary King (1989) was applied in this study. This model can
be generally used without considering the degrees of dispersion to simplify the
process of crash data analysis.
Two case studies were carried out to evaluate the performance of the proposed
model. Data collected from Toronto and Korea were used in this study. The Toronto
intersection data are characterized by over-dispersion while the Korea dataset was
shown to exhibit under-dispersion (when conditioned upon the mean). The NB and hP
models were applied to Toronto data while the gamma and Hyper-Poisson models
were used for Korea data.
The modeling results showed that when handling over-dispersed data, the GEC
model performs as well as the NB model and better than the hP model (at least for this
dataset). The authors admit that the variance-mean relationship structure of the GEC
model is better than the hP model when the variance increases very rapidly with the
increase in the mean.
When applying the Korean dataset, the GEC model has an equally good
performance compared to the hP model and better than the gamma model (putting
aside the direct correlation between observations through time). Therefore, the GEC
model can handle under-dispersed data well while the NB model can result in unstable
and unreliable parameter estimates in this situation. The case studies collectively
showed that the GEC model can be used for modeling crash data without considering
the degrees of dispersion.
In addition, the GEC model is found to be easier to code for the case studies
described in this paper. The analyses are easier to implement based on the MLE.
Almost all statistical software can be used for estimating this model.
To evaluate the performance of the GEC model in a more comprehensive way,
simulations of crash datasets can be used in the future to generate more samples
representing various degrees of dispersion as a function of the sample size and sample
mean values. Furthermore, the basic characteristics of the GEC model should be
expanded to analyze multivariate data; incorporate latent class and random parameters
framework; and, to account for spatial heterogeneity.
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